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Abstract
Although the fundamental equations of ordinary thermodynamic systems are known to corre-
spond to first-degree homogeneous functions, in the case of non-ordinary systems like black holes
the corresponding fundamental equations are not homogeneous. We present several arguments,
indicating that black holes should be described by means of quasi-homogeneous functions of degree
different from one. In particular, we show that imposing the first-degree condition leads to contra-
dictory results in thermodynamics and geometrothermodynamics of black holes. As a consequence,
we show that in generalized gravity theories the coupling constants like the cosmological constant,
the Born-Infeld parameter or the Gauss-Bonnet constant must be considered as thermodynamic
variables.
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I. INTRODUCTION
An important property of thermodynamic laboratory systems is that their fundamental
equations are given in terms of homogeneous functions of first degree. Recall that a funda-
mental equation is a function that relates an extensive thermodynamic potential (entropy
or energy) with the extensive thermodynamic variables necessary to describe the system.
Then, the homogeneity condition is a consequence of the fact that extensive variables are
additive [1]. Generalizations of the extensivity property have been also considered in the
literature and concepts like sub-extensive and supra-extensive variables have been intro-
duced to correctly describe the behavior of certain thermodynamic systems. Recently in
[2], we proposed to classify thermodynamic systems into ordinary and non-ordinary by us-
ing an exact mathematical concept, namely, the concept of homogeneous and generalized
homogeneous functions.
Let Φ denote a fundamental thermodynamic potential [3] which could be either the
entropy or the internal energy. Let {Ea} (a = 1, . . . , n) denote the set of extensive variables
that are necessary to describe a thermodynamic system with n degrees of freedom. Then, a
system described by the fundamental equation Φ(Ea) is called ordinary if Φ is a homogeneous
function
Φ(λEa) = λβΦ(Ea) , (1)
where λ is a real constant and β > 0 is the degree of homogeneity. In general, ordinary
systems are characterized by the value β = 1. If Φ is a generalized homogeneous function,
i.e., [4]
Φ(λβ1E1, . . . , λβnEn) = λβΦΦ(E1, . . . , En) , (2)
where βa = (β1, ..., βn) are real constants, and βΦ is the degree of homogeneity, the system
is called non-ordinary. In the literature, generalized homogeneous functions are also known
as quasi-homogeneous functions; in fact, the idea of considering quasi-homogenous thermo-
dynamics in several contexts, including black hole physics and geometric representations of
thermodynamics, has been analyzed previously by Belgiorno and Cacciatore in a series of
publications [5–7]. Accordingly, non-ordinary and quasi-homogeneous are terms that can be
used indistinctly to refer to thermodynamic systems that are not described by homogeneous
functions of first degree.
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As pointed out in [5–7], black holes should be considered as quasi-homogeneous sys-
tems for different reasons. In this work, we will explore the consequences of demanding
quasi-homogeneity for black holes in two different contexts. First, we explore black hole
thermodynamics from the point of view of quasi-homogeneity and show that it dictates the
thermodynamic properties of the parameters that enter the fundamental equation of black
holes. If quasi-homogeneity is not handled correctly, it turns out that the thermodynamic
properties of a black hole configuration can change drastically. Secondly, we will see how the
quasi-homogeneity condition fixes the thermodynamic metric which is used in geometrother-
modynamics (GTD) [8] to describe black holes and, moreover, that GTD is able to detect
the non-correct use of this condition.
This work is organized as follows. In Sec. II, we review the main physical consequences
of imposing homogeneity in ordinary thermodynamic systems. In Sec. III, we analyze the
fundamental thermodynamic equation of black configurations in several gravity theories, and
show that the physical parameters, like the coupling constants, that enter the action in a
field theoretical approach must be considered as thermodynamic variables as a consequence
of the quasi-homogeneity condition. Moreover, we show the thermodynamic inconsistencies
that can arise when the quasi-homogeneity condition is not applied appropriately. In Sec.
IV, we explore thermodynamic quasi-homogeneity in the context of GTD, and show that
systems with intrinsic thermodynamic interaction can lead to contradictory results for the
corresponding equilibrium space, when the quasi-homogeneity condition is not implemented
properly. Finally, in Sec. V, we review our results, and propose some tasks for future
investigations.
II. HOMOGENEITY OF ORDINARY SYSTEMS
Given a thermodynamic system through its fundamental equation Φ = Φ(Ea), one defines
the corresponding intensive variables as
Ia =
∂Φ
∂Ea
, (3)
so that the first law of thermodynamics is simply
dΦ = IadE
a . (4)
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These relations are valid in general for homogeneous and quasi-homogeneous systems, and
are well-defined if the fundamental potential Φ is differentiable, a condition which is usually
assumed in classical thermodynamics.
Ordinary or homogeneous thermodynamic systems can be characterized by the degree
of homogeneity β, which is determined through the condition (1). This condition is also
known in the thermodynamic literature as the static scaling hypothesis [9]. In the case
of ordinary laboratory systems with β = 1, the intensive variables Ia are homogeneous
functions of degree zero, i.e., Ia(λE
a) = Ia(E
a), a property which is in accordance with our
intuitive idea of intensive quantities since they do not depend on the size of the system [1].
Ordinary laboratory systems have also the property that their fundamental potentials can
be inverted. Indeed, the homogeneity, continuity, differentiability and monotonic property
of the entropy S imply that it can be inverted with respect to the energy U which is, in
turn, a homogeneous function of first degree [1]. For concreteness, let us consider as a
particular example the simple case of an ideal gas with a fixed number of particles N , whose
fundamental equation is given by [1]
S(U, V,N) = k
B
N
(
ln
V
N
+
3
2
ln
U
N
)
, (5)
where k
B
is the Boltzmann constant and V is the volume of the gas. This is a first-degree
homogeneous function, i.e, S(λU, λV, λN) = λS(U, V,N) which can be inverted with respect
to U and yields
U(S, V,N) = Ne
2S
3k
B
N
(
V
N
)−2/3
, (6)
with U(λS, λU, λN) = λU(S, V,N). We see that in this case a change of representation
preserves the homogeneity property.
In the case of Legendre potentials, i.e., thermodynamic potentials that are obtained
from the fundamental potentials by means of Legendre transformations, the situation is
completely different. Consider, for instance, the Legendre potentials of the ideal gas
F (T, V,N) = U − TS = 3
2
k
B
NT
{
1− ln
[
3
2
k
B
T
(
V
N
)2/3]}
, (7)
H(S, P,N) = U + PV =
9NP 2
4
e
− 2S
3k
B
N − 8N
27P 2
e
2S
k
B
N , (8)
G(T, P,N) = U − TS + PV = 3
2
Nk
B
T
[
1− ln
(
3P 2
2k
B
T
)]
− 4N
9k
B
T
, (9)
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which can all be written explicitly in terms of the corresponding variables. None of these
potentials can be considered as a homogeneous function. However, if we rescale the extensive
variables only, we obtain F (T, λV, λN) = λF (T, V,N) and similar relations for the remaining
potentials. This implies that Legendre potentials preserve the homogeneity property only
at the level of the extensive variables. Intense variables do not rescale as a consequence of
their zero degree of homogeneity.
For a general value of β 6= 1, the situation is completely different. First, the intensive
variables are not represented by homogeneous functions of zero degree. Instead, their degree
can be set as β − 1 so that it is positive for supra-extensive variables and negative for sub-
extensive parameters. Also, a fundamental potential cannot be inverted in general, implying
that a particular representation must be chosen to perform the physical investigation of the
system properties. Moreover, the constant β enters explicitly the Euler and Gibbs-Duhem
identities (summation over repeated indices) [2],
IaE
a = βΦ , (1− β)IadEa + EadIa = 0 , (10)
respectively, which relate extensive and intensive variables. This implies that homogeneous
systems with β 6= 1 will behave differently from a thermodynamic point of view.
In the case of quasi-homogeneous systems, defined through the condition (2), the situation
is similar. The fundamental potentials cannot be inverted in general and the Euler and
Gibbs-Duhem identities become [2]
βabI
aEb = β
Φ
Φ , (βab − βΦδab)IadEb + βabEbdIa = 0 , (11)
with Ia = δabI
b and
δab = diag(1, · · · , 1) , βab = diag(β1, · · · , βn) . (12)
The diagonal matrix βab contains all the information about the quasi-homogeneity of the
extensive variables. The corresponding intensive variables are in general not given as ho-
mogeneous functions of zero degree, implying that, in fact, they may depend on the size of
the system. It is, therefore, necessary to handle them with care, always taking into account
their non-trivial degree of quasi-homogeneity.
6
III. QUASI-HOMOGENEITY IN BLACK HOLE THERMODYNAMICS
Black hole thermodynamics is based upon the Bekenstein-Hawking relation S = A/4 that
relates the entropy of the black hole S with its horizon area A and can be considered as
the fundamental thermodynamic equation. From now on, we will use geometric units with
G = c = ~ = k
B
= 1.
Ordinary systems are characterized by entropies that depend on the volume of the system.
This is not the case of black holes. This is the first fact that indicates a non-standard
thermodynamic behavior in black holes. The horizon area, in turn, is a geometric quantity
that can be calculated by using the metric of the corresponding spacetime and depends
on the physical parameters of the black hole. In the case of the Einstein-Maxwell theory,
the most general black hole is described by the Kerr-Newman spacetime which contains
only three independent parameters, namely, the mass M , angular momentum J and electric
charge Q. A straightforward computation of the horizon area leads to the fundamental
equation [10]
S(M,J,Q) = pi
(
2M2 −Q2 + 2
√
M4 − J2 −M2Q2
)
, (13)
that according to the postulates of black hole thermodynamics should satisfy the first law
dS =
1
T
dM − Ψ
T
dQ− Ω
T
dJ , (14)
where T , Ψ and Ω are the corresponding intensive variables, which are interpreted as the
temperature, electric potential and angular velocity at the horizon, respectively. Then, we
obtain
T =
1
2MS
√
M4 − J2 −M2Q2 , (15)
Ψ =
piQ
MS
(
M2 +
√
M4 − J2 −M2Q2
)
, (16)
Ω =
piJ
MS
. (17)
The rescaling M → λβMM , J → λβJJ and Q→ λβQQ shows that if the conditions
βM =
1
2
βS , βJ = βS , βQ =
1
2
βS , (18)
are satisfied, the function (13) is quasi-homogeneous of degree βS, i.e.,
S(λβS/2M,λβSJ, λβS/2Q) = λβSS(M,J,Q). Moreover, it is then easy to show that
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the only intensive variable with zero degree of quasi-homogeneity is Ψ, whereas T and Ω
are of degree −βS/2. In particular, the Hawking temperature T will not behave as the
temperature of an ordinary system. Since the constant βS remains arbitrary, one is tempted
to fix it by introducing new thermodynamic variables. In fact, this is possible because the
degree of any quasi-homogeneous function can always be set equal to one by choosing the
variables appropriately [4]. For instance, the change of variables
S → s2 , J → j2 , M → m , Q→ q , (19)
transforms the fundamental equation (13) into
s(m, j, q) = pi1/2
(
2m2 − q2 + 2
√
m4 − j4 −m2q2
)1/2
, (20)
which is a first-degree function. If this equation were to describe a thermodynamic system,
it must satisfy in particular the first law of thermodynamics
ds =
1
t
dm− ψ
t
dq − ω
t
dj , (21)
from which we obtain the corresponding intensive variables
t = =
1
ms
√
m4 − j4 −m2q2 , (22)
ψ =
piq
ms2
(
m2 +
√
m4 − j4 −m2q2
)
, (23)
ω =
2pij3
ms2
. (24)
All these quantities have zero degree of homogeneity and as such can be considered as genuine
intensive variables. Some minor differences appear in the behavior of these intensive variables
as functions of the extensive variables when compared with the intensive variables T , Ψ and
Ω that follow from the quasi-homogeneous fundamental equation (13). This is illustrated in
Fig. 1. However, if we consider the corresponding heat capacities
C
KN
Q,J
= T
(
∂T
∂S
)
Q,J
=
4M3S2T
M4 + J2 − 4M3ST , (25)
cq,j = t
(
∂t
∂s
)
q,j
=
1
pi
m3s4t
q2(m4 − j4) + 4m2j4 +mst(m2q2 + 2j4) , (26)
major differences appear. In Fig. 2, we illustrate the behavior of these capacities as functions
of the entropies.
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FIG. 1: Behavior of the intensive quasi-homogeneous (T , Ω, Φ) and homogeneized (t, ω, φ) as
functions of the quasi-homogeneous entropy S and the homogeneized entropy s for the particular
values J = j = 5 and Q = q = 10.
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FIG. 2: Heat capacity C (left) and heat capacity c (right) as functions of the entropy S and entropy
s, respectively, with J = j = 5 and Q = q = 10.
We see that the differences are crucial. The quasi-homogeneous heat capacity C shows
clearly a second-order phase transition which is lacking in the analysis of the capacity c. This
shows that a change of thermodynamic variables in order to get a first degree homogeneous
functions can drastically change the thermodynamic properties of the system.
This simple example shows the importance of correctly handling the homogeneous or
quasi-homogeneous character of fundamental equations. In the next subsections, we will
present several examples that illustrate the way we propose to handle quasi-homogeneous
systems.
A. Einstein-Maxwell gravity with cosmological constant
In the Einstein-Maxwell theory with cosmological constant Λ, which follows from the
action
S = 1
16pi
∫
d4x
√−g (R − FµνF µν − 2Λ) , (27)
the most general solution representing a black hole configuration is known as the Kerr-
Newman-AdS solution [11]. It contains four independent parameters, namely, the mass
m, specific angular momentum a = j/m, electric charge q and cosmological constant Λ.
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Since these parameters are usually defined for asymptotically flat metrics, in the case of
asymptotically AdS spacetimes the problem appears that several definitions are possible.
This problem has been solved only recently by using the laws of black hole thermodynamics
and the formalism of isolated horizons [12, 13]. It has been shown that the angular velocity
of the rotating black hole must be measured with respect to an observer which is not rotating
at infinity [14]. Then, the computation of the intrinsic physical parameters yields
M =
m
Ξ2
, J =
am
Ξ2
, Q =
q
Ξ
, Ξ = 1 +
Λ
3
J2
M2
. (28)
These parameters are related to the physical entropy S by means of the Smarr formula
M2 = J2
(
−Λ
3
+
pi
S
)
+
S3
4pi3
(
−Λ
3
+
pi
S
+
pi2Q2
S2
)2
, (29)
which is equivalent to the fundamental thermodynamic equation, relating the total mass
(energy) M of the black hole with the extensive variables S, Q, and J . It is easy to see that
this equation cannot be inverted; this is one of the first signals indicating that it corresponds
to a non-ordinary system.
Performing the rescaling of the extensive variables M → λβMM , S → λβSS, J → λβJJ ,
Q → λβQQ, it is easy to see that the function (29) does not satisfy either the homogeneity
nor the quasi-homogeneity condition. However, if we consider the cosmological constant Λ
as a thermodynamic variable which rescales as Λ → λβΛΛ, the fundamental equation (29)
turns out to be a quasi-homogeneous function if the conditions
βJ = βS , βΛ = −βS , βQ = 1
2
βS , βM =
1
2
βS (30)
are fulfilled. This means that the degree of the function is defined modulo the coefficient
βS.
Although the cosmological constant is originally not interpreted as a thermodynamic
variable, we see that if the Kerr-Newman-AdS black hole is to be considered as a quasi-
homogeneous system, then the requirement appears that the cosmological constant must be
a thermodynamic variable. Although the coefficient βS remains arbitrary, one can consider
it as positive to take into account the sub or supra extensive character of the entropy of the
entropy. It then follows that Λ should be interpreted as an intensive variable. In fact, by
using a completely different approach, it was shown recently that Λ can be interpreted as
the “pressure” of the system [15].
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B. Einstein-Born-Infeld gravity
Consider the Einstein–Born–Infeld action in 3+1 dimensions, which is given by the ex-
pression [16]
S =
∫
L√−gd4x , L = 1
16pi
(R − 2Λ) + b
2
4pi
(
1−
√
1 +
2F
b2
)
. (31)
Here, F is the electromagnetic invariant defined as F = 1
4
FµνF
µν , and b is known as the
Born-Infeld parameter, which in string theory is related to the string tension α′ as b = 1
2piα′
.
A particular spherically symmetric solution of the corresponding field equations is de-
scribed by the line element
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ2(d−2) , (32)
where dΩ2(d−2) the line element on the (d− 2)– dimensional unit sphere (d = 4 in this case)
and
f(r) = 1− 2M
r
− Λ
3
r2 +
2b2r2
3
(
1−
√
1 +
Q2
b2r4
)
+
4Q2
3r2
F1 . (33)
Here F1 represents the hypergeometric function
F1 = F
(1
4
,
1
2
,
5
4
,−Q
2pi2
b2S2
)
, (34)
M is the ADM mass and Q the electric charge. The horizons of this 3+1 dimensional black
hole are determined by the roots of the lapse function f(r). In terms of the outer horizon
radius r+ and the electric charge Q, the black hole mass is given by [16, 17]
M(r+, Q) =
r+
2
− Λ
6
r3+ +
b2r3+
3
(
1−
√
1 +
Q2
b2r4+
)
+
2Q2
3r+
F1 . (35)
In four dimensions, the fundamental equation that relates the entropy of the black hole with
the horizon area leads to S = pir2+ for spherically symmetric black holes. Then, the mass of
the black hole becomes
M(S,Q) =
1
2
S1/2 + S3/2
[
−Λ
6
+
b2
3
(
1−
√
1 +
Q2
b2S2
)]
+
2Q2
3
√
S
F1 , (36)
where for the sake of simplicity we have normalized the entropy as S → piS. This relation
represents the fundamental equation for the Born-Infeld-AdS black hole presented above.
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We now analyze the rescaling properties of the fundamental equation (36). Since the
only independent variables are S and Q, we perform the transformation S → λβSS and
Q → λβQQ. Then, the resulting function does not satisfy the quasi-homogeneous condi-
tion. However, if we also perform the transformations b → λβbb and Λ → λβΛΛ , then the
fundamental equation (36) becomes quasi-homogeneous M → λβMM under the conditions
βQ =
1
2
βS , βΛ = −βS , βb = −1
2
βS , βM =
1
2
βS . (37)
All the coefficients of quasi-homogeneity are determined in terms of the degree βS, which
remains arbitrary as a consequence of the definition of the quasi-homogeneous functions. The
above results show that imposing the quasi-homogeneity condition for this black hole implies
that the cosmological constant and the Born-Infeld parameter as well must be considered
as thermodynamic variables.
C. Einstein-Maxwell-Gauss-Bonnet gravity
The particular case of the Einstein-Maxwell-Gauss-Bonnet gravity in 4 + 1 dimensions
can be obtained by adding the Gauss-Bonnet invariant and a matter Lagrangian to the
Einstein-Hilbert action, i.e.,
S = κ
∫
d5x
√−g[R + α(R2 − 4RµνRµν +RαβγδRαβγδ)− 2Λ + FαβF αβ], (38)
where κ is related to the Newton constant, and α is the Gauss-Bonnet coupling constant.
A five dimensional spherically symmetric solution of this theory can be explicitly written
by using the line element (32) with d = 5 and the metric function [18, 19]
f(r) = 1 +
r2
4α
− r
2
4α
√
1 +
8αM
r4
− 8αQ
2
3r6
+
4αΛ
3
. (39)
The two parameters M and Q are identified as the mass and electric charge of the system.
The above solution describes an asymptotically anti-de-Sitter black hole only if the expres-
sion inside the square root is positive and the function f(rH) = 0 on the horizon radius, i.
e.,
1 +
8αM
r4H
− 8αQ
2
3r6H
+
4αΛ
3
> 0 ,
Λ
3
r6H − 2r4H + 2 (M − 2α) r2H −
2
3
Q2 = 0 . (40)
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By choosing the units appropriately, the Bekenstein-Hawking entropy in five dimensions can
be written as S = r3H . Then, the corresponding thermodynamic fundamental equation in
the mass representation becomes
M = 2α + S2/3 +
Q2
3S2/3
− Λ
6
S4/3 . (41)
Notice that to guarantee the positiveness of the mass in general, we must choose α > and
Λ < 0.
Following the procedure described above, it can be shown that the fundamental equation
(41) turns out to be a quasi-homogeneous function only if we transform all the variables as
S → λβSS, Q → λβQQ, α → λβαα, and Λ → λβΛΛ. Moreover, the following relationships
between the coefficients must be fulfilled
βQ = βM = βα =
2
3
βS , βΛ = −2
3
βS . (42)
In this case, the cosmological constant and the Gauss-Bonnet constant α turn out to be
thermodynamic variables in order to preserve the quasi-homogeneity properties of the black
hole configuration.
Notice that in all the examples presented in this section the degree of homogeneity of the
fundamental equations cannot be fixed uniquely. The coefficient βS remains free and so it
can be used to fix arbitrarily the degree of homogeneity. We will see that this arbitrariness
can lead to contradictory results if it is not handled correctly.
IV. QUASI-HOMOGENEITY IN GEOMETROTHERMODYNAMICS
To describe thermodynamics from a geometric point of view, essentially two different
methods have been used so far. The approach of thermodynamic geometry assumes that
the equilibrium space E is geometrically described by a Hessian metric
gH = Φ,abdE
adEb =
∂2Φ
∂Ea∂Eb
dEadEb , (43)
where Φ = Φ(Ea) (a = 1, . . . , n) represents the fundamental equation of the thermodynamic
system under consideration. In the energy representation Φ = U , the corresponding metric
is known as the Weinhold metric [20] whereas if the thermodynamic potential is chosen as
minus the entropy Φ = −S, the Ruppeiner metric is obtained [21]. In general, however, it
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is possible to use as potential for the Hessian metric any thermodynamic potential that can
be obtained from U or S by means of a Legendre transformation [22].
The second approach of GTD is based upon the use of Legendre invariance, i.e., the
property that classical thermodynamics does not depend on the choice of thermodynamic
potential [8]. To consider Legendre invariance as an invariance with respect to coordinate
transformations, it is necessary to introduce the auxiliary phase space T , in which all the
thermodynamic variables {Φ, Ea, Ia} are considered as independent coordinates. Then, the
space T is endowed with a Legendre invariant Riemannian metric G and a canonical contact
1-form Θ = dΦ−IadEa. Whereas the contact 1-form is uniquely defined modulo a conformal
function, there are three classes of Legendre invariant metrics [23, 24], namely,
G
I/II
= (dΦ− IadEa)2 + (ξabEaIb)(χcddEcdId) , (44)
which are invariant under total Legendre transformations. Here ξab and χab are diagonal
constant (n × n)-matrices. For χab = δab = diag(1, · · · , 1), the resulting metric GI can be
used to investigate systems with at least one first-order phase transition. Alternatively, for
χab = ηab = diag(−1, · · · , 1), we obtain the metric GII which has been used to describe
systems with second-order phase transitions. The third class
G
III
= (dΦ− IadEa)2 + (EaIa)2k+1 dEadIa , k ∈ Z , (45)
is invariant with respect to partial Legendre transformations and is used to describe ordinary
systems.
In GTD, the equilibrium space E , with the set of coordinates {Ea}, is considered as a
subspace of the phase space T and is defined by the embedding map ϕ : E → T with
ϕ : {Ea} 7→ {Φ(Ea), Ea, Ia(Ea)} and ϕ∗(Θ) = 0. Then, any metric G in T induces a metric
g in E by means of the pullback g = ϕ∗(G). This means that in GTD there can be also
three different classes of metrics g
I
, g
II
and g
III
for the equilibrium space.
Quasi-homogeneity plays now an important role in the determination of the final form of
g
I
and g
II
. Indeed, black hole configurations, which according to our previous description
are a particular case of quasi-homogeneous systems, are also characterized by certain de-
pendence on the statistical ensemble chosen for their description [25], indicating that they
cannot be completely independent of the choice of thermodynamic potential. This implies
that quasi-homogeneous systems can be invariant only with respect to total Legendre trans-
formations and, consequently, they can be described by the metrics g
I
and g
II
, only. This
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is in accordance with our previous results obtained in GTD in which we use only the metric
g
II
to describe black hole systems with second-order phase transitions. Moreover, by using
the Euler-identity for quasi-homogeneous systems in the derivation of the metrics of E , we
obtain [2]
g
I/II
= βΦΦξ
c
a ΦbcdE
adEb = βΦΦξ
c
a
∂2Φ
∂Eb∂Ec
dEadEb , (46)
where ξ ca = δ
c
a = diag(1, · · · , 1) for gI and ξ ca = η ca = diag(−1, 1, · · · , 1) for gII . We then
conclude that quasi-homogeneous systems must be described in GTD by a particular set of
metrics which is invariant with respect to total Legendre transformations. Notice that the
multiplicative constant βΦ in front of the metrics g
I/II
corresponds exactly to the arbitrary
constant that remains free in the analysis of quasi-homogeneous fundamental equations.
This means that in GTD this arbitrariness leads to a simple conformal factor which does
not affect the geometric properties of the equilibrium space.
We now illustrate in a particular example the importance of correctly handling the ho-
mogeneity properties of the fundamental equations. Consider the Reissner–Nordstro¨m black
hole in any dimension. Their corresponding line element is given as in Eq.(32) with [26]
f(r) = 1− 16piM
(d− 2)ω(d−2)
1
rd−3
+
8pi
(d− 2)(d− 3)
Q2
r2(d−3)
, (47)
where ω(d−2) = 2pi
d−1
2 /Γ
(
d−1
2
)
. The outer event horizon is, therefore, given by
2(d− 2)
ω(d−2)
r+
(d−3) =M +M
√
1− d− 2
2(d− 3)
Q2
M2
. (48)
On the other hand, the entropy in d dimensions can be computed by using the formula
[26, 27],
S =
[
2(d− 2)
ω(d−2)
] (d−2)
(d−3)
r+
(d−2) . (49)
Then, from Eqs.(48) and (49) we obtain explicitly the entropy function
S(M,Q) =
(
M +M
√
1− d− 2
2(d− 3)
Q2
M2
) d−2
d−3
(50)
which represents the fundamental thermodynamic equation of the Reissner-Nordstro¨m black
hole in d dimensions. It is easy to see that it corresponds to a non-ordinary system because
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the degree of homogeneity is d−2
d−3
. In this particular case, the fundamental equation can be
inverted, yielding in the mass representation the equation
M(S,Q) =
1
2
S
d−3
d−2 +
d− 2
4(d− 3)
Q2
S
d−3
d−2
, (51)
which satisfies the first law [10]
dM = TdS + φdQ (52)
where T is the temperature and φ the electric potential. From the fundamental equation and
the first law it is, therefore, possible to derive the complete set of thermodynamic variables
of the system. Analogously, in GTD all the geometric information about the equilibrium
space can be obtained from the fundamental equation. Indeed, the metric g
II
with Φ = M
and Ea = {S,Q} leads to
g
II
= βMM
(
− ∂
2M
∂S2
dS2 +
∂2M
∂Q2
dQ2
)
, (53)
which for the fundamental equation (51) can be expressed as
g
RN
= βM
M
2(d− 3)(d− 2)
{
(d− 3)
S2
[
S
2(d−3)
(d−2) +
(2d− 5)
2
Q2
]
dS2 + (d− 2)2dQ2
}
. (54)
A straightforward computation shows that the corresponding scalar curvature is
RRN = − 8(d− 2)(d− 3)
2S
2(d−3)
(d−2)
βMM
[
2(d− 3)S 2(d−3)(d−2) − (2d2 − 9d+ 10)Q2
]2 . (55)
The non-zero curvature indicates that this system is characterized by the presence of a non-
trivial thermodynamic interaction. Moreover, second-order phase transitions are determined
by the curvature singularities (RRN → ∞), which are present at those points where 2(d −
3)S
2(d−3)
(d−2) − (2d2 − 9d+ 10)Q2 = 0. This condition has non-trivial solutions as illustrated in
a particular case in Fig. 3.
According to the results presented in Sec. III, the degree of homogeneity remains free and,
in principle, can be fixed arbitrarily. In [10], it was suggested that in the case of black holes
it can be fixed to 1. This would imply that for a certain choice of thermodynamic variables,
black holes can be considered as ordinary systems. We will see now that in GTD this
assumption can lead to contradictory results. In fact, the Reissner-Nordstro¨m fundamental
equation (51) in the new variables
m =M
d−2
d−3 , q = Q
d−2
d−3 , (56)
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FIG. 3: The curvature scalar RRN as a function of the entropy S with Q = 10 and d = 5.
reduces to
m(S, q) =
[
1
2
S
d−3
d−2 +
2− d
2(d− 3)
q
2(d−3)
d−2
S
d−3
d−2
] d−2
d−3
, (57)
which is a homogenous function of degree 1. In this case, according to Eq.(46), the metric
g
II
for Φ = m and Ea = {S, q} reduces to
g
II
= βmm
(
−∂
2m
∂S2
dS2 +
∂2m
∂q2
dq2
)
. (58)
Using the Reissner-Nordstro¨m fundamental equation (57) in the new variables, we obtain
gRN = βmF (S, q)
(
dS2
S2
− dq
2
q2
)
, (59)
with
F (S, q) =
m2q
2d
d−2S
6
d−2
[
S
2(d−3)
(d−2) (d2 − 7d+ 12)− q 2(d−3)(d−2) (d2 − 4d+ 4)
]
S
2(d−3)
(d−2) (d− 3)− q 2(d−3)(d−2) (d− 2)
. (60)
The computation of the thermodynamic curvature of this metric shows that it vanishes
identically. According to GTD, this means that this system has no intrinsic thermodynamic
interaction, which contradicts the result obtained above with the original variables M and
Q. We conclude that in GTD it is not allowed to perform a transformation of variables at
the level of the fundamental equation with the aim of describing a black hole configuration
by means of a homogeneous function of first degree. GTD detects such transformations by
changing the geometric properties of the equilibrium space.
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V. CONCLUSIONS
In this work, we argue that black holes are thermodynamic systems described by funda-
mental equations that should correspond to quasi-homogeneous functions. This means that
the concept of extensivity and intensivity of black hole thermodynamic variables is not as
clear and concrete as in the case of ordinary systems, which are described by homogeneous
fundamental equations. Essentially, the origin of the quasi-homogeneity of black holes is
already contained in the Hawking-Bekenstein entropy, which is proportional to the area and
not to the volume, as in the case of ordinary systems.
From the condition of quasi-homogeneity of black holes, we derive the important property
that coupling constants of gravity theories must be considered as thermodynamic variables.
We prove this for the cosmological constant, the Born-Infeld parameter and the Gauss-
Bonnet constant. The cosmological constant can indeed be interpreted as the coupling
constant between the gravitational field and the matter described by the vacuum energy.
In turn, the Born-Infeld parameter and the Gauss-Bonnet constant are coupling constants
between gravity and, respectively, the non-linear electromagnetic field and the effective field
represented by the topological term. In fact, the cosmological constant has been interpreted
previously as a thermodynamic variable with properties consistent with an effective “pres-
sure” [15]. In this context, it would be interesting to investigate the interpretation of the
Born-Infeld parameter and the Gauss-Bonnet constant in the framework of black hole ther-
modynamics. Finally, since the explicit application of the quasi-homogeneity condition is
quite simple, we can conjecture that our results hold for all the coupling constants of any
generalization of Einstein gravity.
Since the degree and the coefficients of quasi-homogeneity are defined up to a multiplica-
tive constant factor, one is tempted to use this freedom to fix the degree to 1, by transforming
the thermodynamic variables appropriately. We have shown that this procedure can lead to
contradictory results. In black hole thermodynamics, the phase transition structure can be
modified by the transformation of variables. The free parameter that appears in the degree
of quasi-homogeneity turns out to correspond to a multiplicative constant of the metric used
in GTD to describe black holes so that it does not affect the geometric properties of the
equilibrium space. However, GTD is very sensitive to the transformations of variables at
the level of the fundamental equation, which can completely modify the thermodynamic
19
curvature of the system under consideration.
According to our results, quasi-homogeneity is a property of non-ordinary systems which
must be handled correctly in order to avoid unphysical and contradictory results. It also
leads to a deep modification of the way we interpret coupling constants in gravity theories.
It would be interesting to further explore the physical consequences of these modifications.
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